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Abstract 

The supergravity solutions to various p-branes are presented and typically it breaks one 
quarter of supersymmetry except for the Dl brane case, where it breaks one half of super- 
symmetry and are manifestly non-relativistic in nature. The symmetries that the solutions 
enjoys are that of space and time translations, rotations, boosts but without any scaling 
and special conformal transformations except for p 7^ 3. We have also constructed super- 
symmetric non-relativistic cascading solutions to intersecting D3 and branes on both 
the singular as well as on deformed conifold, where the D5's are wrapped on the S"^ of the 
Calabi-Yau i.e. the analogs of Klebanov-Tseytlin and Klebanov-Strassler solutions and the 
supersymmetric non-relativistic M2 brane solution. 



1 Introduction 



Recently, the gauge-gravity duality has been proposed to understand the strongly coupled 
behavior of a very specific field theory [1], [2], [3], which is reviewed in [4] and is further 
reviewed for non-conformal field theories in [5]. It is plausible that the same prescription may 
even hold to understand the behavior of strongly coupled electrons for example in condensed 
matter physics. Now, in order to apply it, we need to construct a dual gravitational system 
that possesses the required symmetries. For the present case the symmetries are that of 
the non-relativistic symmetries i.e. the Schrodinger symmetry. The generators associated 
to such symmetries are that of translational invariance of both space and time coordinates, 
rotation, boosts, scaling invariance and a special conformal invariance. In this context, there 
have been some proposals put forward and one such example, with the necessary symmetries, 
for which the metric takes the following form 

ds" = -r^'{dx+f + r\-2dx+dx- + dxj) + (1) 

was suggested in [6] and [7]. It is interesting to note that this particular choice to metric 
preserves all the symmetries of Schrodinger group but only when the exponent, takes a 
specific value that is for 2; = 2. Moreover, it is suggested that when the exponent takes such a 
value, it is dual to systems of cold atoms. Away from this value of the exponent, there won't 
be any special conformal symmetry, however, the other generators of the Schrodinger group 
will be there for z ^2. This solution has been successfully embedded in 10 dimensional string 
theory in [8], [9] and [10] but only for 2; = 2. It is important to emphasize that, unfortunately 
these extremal solution do not preserve any supersymmetry and hence it is not a priori clear 
the stability of such solutions. In earlier studies, [11] and [12] have made attempts to 
construct and understand the gravitational systems dual to quantum critical points, which 
obeys the relativistic conformal symmetries. Based on such suggestions, generically we may 
expect that such solutions should preserve some amount of supersymmetry at the critical 
point from the stability point of view. 

In [13], it is reported that there exists solutions that preserves different amount of su- 
persymmetry depending on the choice of the manifold i.e. the choice of the 5-dimensional 
metric in the direction perpendicular to D3 brane world volume. The explicit form of the 
solution (in their notation) 

ds^ = r\-2dx+dx- + dxl) - r'''f{X^){dx+f + ^ + ^^^'(^5), 
F5 = 4(l + *io)^oZ(X5) (2) 

where f{X^) is an eigenfunction of the Laplacian constructed on the 5-dimensional manifold 
Xr, and required to obey 

-V^J = A{z' - l)f. (3) 
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For -2 = 2, the D3 brane solution preserves 1/4 supersymmetry for X5 = 5'''' and when X5 is 
any other Sasaki- Einstein spaces hke T^'^, F^'^ or L^''?''' etc., it preserves 1/16 supersymme- 
tries. 

It is interesting to note that this is not^ the only kind of supersymmetry preserving D3 
brane solutions for 2; > 2, there also exists another class of solution with the structure [14] 

ds^ = r^{2dx+dx- + dxl) + 2r^dx+[C + hdx+] + ^ + ds^{X^), (4) 

where both the 1-form C and the function h are defined on the CF3, with the metric ds^ — 
dr'^ _l_ r'^ds^{SE^), and are expected to obey 

di<cY^dC = Q, Vly^h = Q. (5) 

These objects are taken as 

C = h = r^7' (6) 

such that, the 1-form (3 and the function /' obeys 

A5i^,/? = dt/3 = 0, -VlEj' = k'f, (7) 

with the eigenvalue 

/x = A(A + 2), = A'(A' + 4). (8) 

In fact when z — A and /i = 0, this solution has been originally presented in [9]. This way 
of generating solutions has been generalized to Calabi-Yau 4-folds as well [14], in particular 
for the M2 branes. 

In another context several gravitational descriptions has been given which do admit 
the non-relativistic symmetry group but without the special conformal generator and boost 
generator in [15] and this is being interpreted as systems exhibiting Lifshitz-like behavior. 
This has been generalized to any arbitrary but even dimensional spacetime [17] using a better 
choice of coordinate system [16] and in [18], the gravitational system has been constructed 
with two explicit dynamical exponents, in [21] the 1/N behavior of [15] is studied and in 
[22], the finite temperature behavior of it. The thermodynamic properties has been studied 
in [19] and the N-point correlation functions [20] of eq(l). 

The other properties of the Galilean algebra and its supersymmetric version has been 
studied in [29] and the effect of Lorentz violations in quantum field theory in [30]. 

In the application of solution generating techniques hke NMT [23], [24] and TsT[9] have 
been applied to several systems like that of Sakai-Sugimoto model in [25] and some more 
systems in [26], [27] and [28]. While applying the solution generating techniqiic in particular, 
NMT to Type IIA theories, we generate solutions where the non-compact part of the metric 

^For z = 2, the only known supersymmetric D3 brane solution is given in [13]. 
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and that of the form fields depends on the trigonometric functions [25] and [26] and because 
of this the separation of variables in the equations of motion to the minimally coupled scalar 
field is not possible. This is mainly due to the the presence of spheres of even dimensionality 
and such spheres cannot be written as a fibration over a complex projective space. However, 
we can avoid the appearance of the trigonometric functions in the metric components along 
the non-compact directions as well as in the form fields by writing down topologically, the 
space transverse to the brane directions as x x 5*^"+^ or x S'^"''^^ x R^. As an 
example, for DA branes we can write the metric along the directions perpendicular to brane 
as 

ds^ = dr^ + r^dnl + dw^, (9) 

instead of ds^ = dr'^+r'^dQl, where the is defined by w and has the periodicity w = w-\-2n. 
Taking such a choice of topology makes a change in the power of the radial coordinate r that 
appear in the harmonic function. 

In this paper, we shall generalize the construction of [9] and [14] to construct spacetimes 
that do not admit a Calabi-Yau 3-fold, in particular, we shall generate supersymmetric 
solutions for coincident Dp branes for which p takes value 1, 2, 3, 4 and 5. Moreover, we shall 
write down the precise form of the 1-form C, for each case. 

This will be further generalized to construct solutions for which the Calabi-Yau is not 
any more singular, i.e. which is not of the following form 

ds^CYs) = dr^ + r^ds^SE^). (10) 

As a specific example we shall construct solutions on the deformed conifold, where we shall 
take a bunch coincident D3 branes extended along the non compact directions and another 
bunch of coincident D5 branes that arc wrapped on the S'^ of the deformed conifold and 
extended along the four non-compact directions. Even though the exact form of such one 
form C is non-trivial to find, however, for this particular example we have got the solution 
to eq(5). 

In generating solutions as stated in the previous paragraph, we shall assume that the 
function h, that appear in [14] takes a simple value, h — and shall construct the 1-form C, 
for which it obeys the condition 

di<g^pdC = (11) 

for both Type IIA/IIB theories. The solutions for the examples that we have studied preserve 
1/4 supersymmetry. It is interesting to note that the supersymmetry preserving criteria do 
not fixes either the form of C or h, whose structure has to be fixed only by solving the 
equations of motion to fields. 

When the spacetime do admit a singular Calabi-yau 3-fold, one can define a 1-form C, 
following [14] 

d = Ji'dj^, (12) 
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where J is the Kahler form of the CY3 and the function $ is defined on the CY3. Imposition 
of the condition eq(5) results in 

V^y$ = «, (13) 

where o; is a constant. Now, let us assume that for other cases where the solution do not 
admits a CYa, for example that in the Dp brane case there exists an analogous equation 

VL^y = «, (14) 

where C = y{r)j3. It is easy to convince one- self that this equation is solved for y = for 
which a is constant, and the geometry for the 9 — p dimensional space is ds'^ — dr^ + r^dfig.p 
or eq(9). However, if we take the geometry of 9 — p dimensional space as 

ds'^^^+r^dill^ (15) 

which is the transverse part of the spacetime for a non-extremal solution to Dp branes in IIB 
supergravity, then for any power law like solution to y{r) = r", do not makes a a constant. 
Hence, in the non-cxtrcmal case it is expected that it will be more complicated to find the 
one form C. But, unfortunately we have not yet solved the complete set of equations of 
motion. 

Also, we shall present the non-relativistic supersymmetry preserving solutions for Dp 
branes as well as for M2 brane, for which the 1-form C vanishes but not the function h as 
defined in eq(4) for D3 brane case. In general, we may write down such a metric for Dp 
branes in Type IIB as 



= f 



2dx+ {dx- + C + h{S^-P)r'''dx+^ + rfx^ + • • • + + [dr' + r'dfi 



2 

-p 



(16) 



with appropriate fluxes and matter flelds. 

The organization of the paper is as follows. In section 2, we shall give a prescription 
for the construction of the non-relativistic solution for a bunch of coincident Dp branes in 
Type IIB theory and in the subsections of this section, we shall write down the solutions 
case by case and examine its supersymmetry. In section 3, we shall give the prescription 
for Type IIA and then in the subsections, we shall write down the solutions explicitly case 
by case and examine the supersymmetry preserved by it. In section 4, we shall construct 
the non-relativistic solution for a bunch of D3 and Dh branes on the singular Calabi-Yau, 
that is the conifold. In section 5, we shall resolve the singularity and find the solution for a 
smooth Calabi-Yau that is for the deformed conifold and in section 6, we shall write down 
the solution for M2 brane for which the 1-form C vanishes but not the function h and then 
in section 7, we shall present the symmetries preserved these solutions and discuss some of 
the drawbacks of such solutions in section 8 and finally conclude in section 9. Results of the 
computation of spin connections and the 1-form C in Cartesian coordinates are presented in 
the appendices. 
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2 The Prescription 



The prescription to generate non-relativistic supersymmetry preserving solution (with h — 0) 
in Type IIB theories is by following two simple step procedure, however such a simple 
prescription may not work for the case where there is intersection of branes, for completeness 
one may have to check all the equations of equations of motion explicitly. But before going 
over to those steps, first one need to rewrite the solutions with relativistic symmetries in 
terms of the light cone directions, which is defined using the time like coordinate and one 
spatial non-compact direction along the brane. Let us rewrite the solution to N coincident 
Dp branes of type IIB, following [31],^ 



ds% = /V [2dx'^dx~ + dxl-{ h dxl] + [dr^ + r'^d^ 



' 1 
-pi 



e* = / 4^ , = ii{r)dx~^ A dx A dx2 A ■ ■ ■ A dxp A dr, 

ii{r) = / = 1 + fo = constant (17) 

The steps are: (1) first step is to replace 

dx~ dx- + C, (18) 

where C is a 1-form defined on the directions perpendicular to the brane directions, which 
means the metric along the world volume directions, up to a conformal factor becomes 

(is^+i = 2dx^{dx~ + C) + dxl-\ h dxj (19) 

(2) Second step is to add an extra piece to the p + 2-form field strength 

Fp+2 = ii{r)dx'^ A {dx~ + C) Adx2 A ■ ■ ■ AdXp Adr + £2{r)dx^ A dx2 A ■ ■ ■ A dXp A dC. (20) 

The imposition of the Bianchi identity, = 0, gives us the restriction that is 

+ {-ly^H^ = 0, (21) 

wr 

using the fact that (-1 — —J2 gives 



dl2 
dr 



i2 = (-1)^ X J. (22) 



^We use a different normalization for the fliixes and the solutions in this paper are all written in Einstein 
frame. 
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For our simple choice of one kind of coincident branes, the equations of motion to the 
form field is 



^1* 



Fp+2 



0. (23) 



Now, using the relation between the dilaton, $ and / as written in eq(17), and solving 
equations of motion of the flux gives the condition on the 1-form C 

di.9_pdC = 0, (24) 

whether the ★ is taken with respect to the 9 — p dimensional Ricci flat metric 

dsl_p^dr' + r'nl_^. (25) 

For D3 branes one need to put the extra condition that is the self duality constraint 
on eq(20) with respect to the changed metric. Prom the first step, cq(18), there follows a 
symmetry transformation under which the combination dx~ + C remains invariant 

X- ^x- -K, C ^C + dA, (26) 

for some A defined over eq(25). 

The dilaton equations of motion do not give anything new and the rest of the equations 
of motion that of the metric components need to be checked explicitly on a case by case 
basis. 

For completeness. The examples that we shall consider are Dl branes, D3 branes and 
NS5/D5 branes. 

2.1 The supersymmetry transformation 

The supersymmetry preserving conditions for Type IIB are given by the vanishing condition 
of dilatino 

SX^'- (dM(f> + ie't'dMXy^e* - ^ (e-^HM,M,Ms + ie^ FM^M^MsY'^'^'^'e (27) 
and that of the gravitino 



^ ( -^TJ 

— I e 2 nMiM2M3 



+ ie^FM.M^M,) (fm^^^^^^ - 9Cr^^''^)e*. (28) 



96 V 

Using two Majorana-Weyl spinors ei and cr, we can rewrite 

e = ei + isR. (29) 
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2.2 Dl branes 



The explicit form of the solution after following the above prescription and checking the 
equations of motion to metric components explicitly, for a bunch of coincident Dl branes, 
which are electrically charged ^ 



2dx+{dx- + C) 



dr' + r'dix' + r's'^da' + -<<((7f + + c^g") + 



Li{r)dx^ A {dx~ + C) ^ dr + L2{r)dx^ AdC, C = y{r) 



dx + slidX + s^cTs) 



/o 



y(r) = ar', ^ ^ -Log f(r), /(r) = 1 + ^, L,^-j^, L, ^ -j, 

where /o is a constant, and (Ji's are the SU(2) left invariant 1-forms. 

(7i = c^d9 + s^sedcf), — —s^d9 + c^s^dcf), — dip + cgdcf). 



(30) 



(31) 



Upon computing the dilatino and gravitino variation using the spin-connections as written 
in eq(104), with the choice 

e* = -ie, (32) 
requires the following condition on the spinor 



r+e = 



(33) 



Prom which it follows that the above solution of Dl brane breaks one half of the super- 
symmetry. The form of the spinor 



e = e8^°^'-xe(i?«). 



(34) 



where the spinor e{R^) is defined over the flat R^, and the 5^ part of it is described as a 
U(l) fibration over CP^. 

The expression to, 1-form C, is presented in Cartesian coordinates in eq(123) and eq(124). 

2.2.1 Solution with /i ^ 

The Dl brane solution with h but with C — 



ds\ 



2dx+dx- + 2h{Sy^'dx+ 



+ f 



dr^ + r'^d^i^ + r^slda^ + 



^To avoid the cluttering of trigonometric functions, we shall use a short hand notation: sin fj, := 



s^, cos^OL := etc. 
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F3 = -^dx+Arfx-Adr, $ = iLo5/(r), /(r) = 1 + ^, 

-VIt/i = 4^(^ + 3)/i, (35) 

where the function h{S'^) is defined on 5"^ and the solution preserves 1/2 of the supersym- 
metry with the condition on the spinor as F+e = 

2.3 D3 branes 

In this case the solution is given in [9] and [14] for all Calabi-Yau's of the singular type, 
ds'^{CY^) = dr"^ + r'^ds'^lSE^), but for completeness we shall present the result for a specific 
five dimensional SE5 manifold that is for 5*^ and with z = 4. The exponent z = 2 + X, and 
A is taken from the form of C = ar^(3. 
The solution is 

2 

dsl = f-^2dx^{dx- + C) + dxl + dxl] + fHdr^ + r^d// + jsj(rf^^ + s^dcp'^ + cja^) + 



^2 



jidx + slasY], F5 = (1 + *io)J^5, C = yir)[dx + s^a] 

^5 = Li{r)dx~^ A {dx^ + C) A dx2 A dx^ Adr + L2{r)dx^ A dx2 A cixs A dC, 

We shall check the supersymmetry preserved of this solution only in the near horizon limit 
where we shall drop "1" from the harmonic function /, for simplicity of the calculation. 

The computation of the dilatino variation, using the spin-connections eq(108), do not 
give any information and the gravitino variation gives 

r+e = 0, r+-^2^^ = -ie. (37) 

Hence the non-relativistic D3 brane solution breaks one quarter of supersymmetries. The 
is defined 

pll _ pH — X2X3riJ,6<l>a3X Y^^e = t (38) 

the form of the Killing spinor is 

e = e-i^°f f X e(i?^), (39) 

where the spinor t{R^) is defined over the flat i?®, but written in spherical polar coordinate 
system. The of it is written as U(l) fibration over the CP^. 

It may be noted that the negative sign that we get in the right hand side of eq(37) is 
due to the choice of signs that appeared in the five-form flux. The expression to, 1-form C, 
is presented in Cartesian coordinates in eq(120) and eq(124). 
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2.3.1 Solution with h^O 

The D3 brane solution is already presented in [13], let us present it, for completeness 

2dx+dx- + 2h{S^y-^dx+^ + dxl + dxl 



r 



jslide^ + sldcj? + clal) + -{dx + sla^f 



dr^ + r'^dn^ + 



, -^5 — (1 + ^lo)-^5, 



= -4TTcia;+ Adx" Adx2 Adxg Adr, /(r) = l + ^. 



(40) 



where the function h{S^) is defined on 5*^ and the solution preserves 1/4 of supersymmetry 
with the conditions on spinor as 



r+e = 0, r+- 



■X2X3 



—le. 



(41) 



2.4 NS5 branes 

The form of the magnetically charged solution, in this case in Einstein frame is 



ds\ 



r 



2dx^{dx~ + C) + dxl + dxl + dxl + dx 



-j{d9^ + d<f + di)"^ + 2ced4>dip)], C = y{r)[dip + ced(p], y{r) = ar"^ 

Hs = ^S0d9 Ad(l)Ad'ilj + dx+ AdC, $ = ^Loc? /, /(r) = 1 + 4- (42) 

The magnetically charged solution to D5 branes can be generated by S-dualising the 
above solution and reads as 



ds^ 



E 



r 



2dx'^(dx~ + C) + dxl + dxl + dxl + dxl + [^'^^ + 



— {de'^ + #2 + + 2c0d(f>dij)], C = y{r)[djp + cedcf)], y{r) = ar^ 



/o 



sed9 Ad(j) Ad%l> - dx^ A dC, $ 



^Lo^/, /(r) = l + 4. 
2 r"' 



(43) 



In order to check the supersymmetry preserved by this solution, which we shall do only in 
the near horizon limit. Let us take a choice 



e = —i€. 



(44) 
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For which the supersymmetric conditions for the near horizon solution to D5 brane may 
suggests the following condition on the spinors 



r+e = 0, 



(45) 



where the T"*" matrix is defined on the tangent space and e is the spinor for the relativistic 
theory. Let us check that by doing explicit computation. 

Let us check explicitly the supersymmetry preserved by the above solution. The dilatino 
variation equation using eq(112), gives the condition 



(46) 



The gravitino variation gives 



r+e = 0, drS - ——^e ^ 0, e^e(x~^, x , Xi,9,(f)) 
8/H 



(47) 



and the form of the spinor is 

6 = 68 X e 2 (48) 

where e° is a constant spinor. From this it just follows that the non- relativistic D5 brane 
breaks one quarter of the supersymmetry. The expression to, 1-form C, is presented in 
Cartesian coordinates in eq(117) and eq(124). 

2.4.1 Solution with hy^O 
The D5 brane solution 



r 



2dx^dx~ + 2h{S^)r'^''dx^^ + dxl + dx^ + dxj + dxi, 



dr^ + 



-j{d9^ + d(f + dil)^ + 2ced(j)&4)) 

4 1 r'^ 

V%h = -4z(z + l)/i, 



(49) 



where the function h{S^) is defined on and the solution preserves 1/4 of supersymmetries 
and the conditions on spinor are 



r+e = 0, r^^e = -r-^^ 



e. 



(50) 
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3 Type IIA solutions 



In this section we shall try to generate solutions with even value of p to Dp branes i.e. in 

Type llA theory. As before, if we want the 1-form C to stih obey eq(5) then we need to 
deform the 9 — p dimensional space transverse to the brane directions even though it is still 
Ricci flat. The prescription is that, we shall take the 9—p dimensional space to be the direct 
product of a 8 — p dimensional space and S^. For this particular choice, we can very easily 
define the 1-form C. As even dimensional spheres cannot be written as C/(l) fibration over 
the complex projective spaces. 

Now, in order to have a non-relativistic solution with the condition eq(5), let us proceed 
as follows. Let us take the ansatz to the solution as before but with a simple modification 
to the topology of metric transverse to the brane direction as x x S'^~'^, for even p 



g* = f^, Fp+2 = £i{r)dx'^ A {dx~ + C) A dx2 A • • • A dxp Adr + 

e2{r)dx'^ A dx2 A ■ ■ ■ A dxp A dC (51) 

where the w is the coordinate used to describe S^. Imposing the Bianchi identity on Fp^2 
gives 

^^ + (-iri£i(r)=0 (52) 
dr 

and as before the equation of motion of Fp^2 form field strength gives eq(5). The only other 
difference this time is the structure of the harmonic function /(r) 

= l + (53) 

where /o is a constant. 

3.1 Supersymmetric variations 

The supersymmetric conditions for Type llA theory are determined by the vanishing of the 
dilatino A and gravitino ipM variations and are 

2 lb z4 

j^etFM,M.M3M.r^^^^^^^^e, (54) 

s^M = (aM + ^<r„,)6 + ^e^FM,M.(rM^^^^-i4Cr^^)r^'e + 
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^ ip f-p M1M2M3M4 20 j^^^^ \ 



3.2 D2 branes 

In this subsection, we shall give the electrically charged solution to D2 branes and write 
down the explicit structure to 1-form C and it reads in Einstein frame 

dsl = r-s[2dx+{dx- + C) + dxj] + f-s [dr^ + r'^di/ + (d^^ ^ ^2^^2 ^ ^2 ^ 



2 



^{dx + sla^Y + dw% 
F4 = Li(r)dx+ A(dx~ + C) Adx2 Adr + L2(r)dx+Adx2 AdC, 



C = y(r)[cix + sja3], $ = ^Lo^ /, /(r) = 1 + ^, 



i^i = -C, ^2 = -^, Z/(r)=<7r^ (56) 
/ J[r) 

From the variation of gravitino and dilatino using eq(106), we get the following conditions 
on the spinor 

r+e = 0, r+-^2e = -ie, (57) 

and the F^^ matrix is defined as 

From the supersymmetric variation to gravitino and dilatino, it follows that the non- 
relativistic D2 brane solution breaks one quarter of the supersymmetry and the form of the 
spinor, in the near horizon limit 

e = ei^''^'-e(i?^), (59) 

where e{R^) is defined over the fiat but written in spherical polar coordinate system, 
where the is written as a U(l) fibration over the complex projective space CP^. 

It is interesting to see that if take the coordinate w as a non-compact coordinate then 
the geometry to D2 branes in the string frame do obeys the scaling symmetries as written 
in eq(98) along with w — > ^, however the four- form fiux, F4, breaks it. 

3.2.1 Solution with h^Q 

The D2 brane solution reads 

dsl = /"^ [2dx+dx- + 2h{S^)r'^'dx+^ + dx^] + /§ [dr^ + r'^d^Ji^ + 
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2 2 

jslidO'' + sld(f)^ + clal) + j(cix + sla^f + dw\ 

f If 

F4 = -^dx"^ Adx' Adx2 Adr, ^ = -Log f, /(r) = 1 + ^, 

Vis/i = -4:z{z + 2)h, (60) 

where the function h{S^) is defined on 5"^ and the above solution preserves 1/4 of the 
supersymmetry and the conditions on spinors are 

r+e = 0, r+-^2e = -ie. (61) 

3.3 D4 branes 

The magnetically charged solution to D4 branes with the explicit structure to 1-form C is 

ds% = /"i [2dx^{dx~ + C) + dxj + dxj + dxj] + 
2 

fl[dr^ + j{d9^ + d(f)'^ + d^^ + 2cgd(pdip) + dw% 
F4 = -^sgd9 A d(l) A dip A dw + dx'^ AdC A dw, C = y{r) [dip + cgd(j)\ , 



$ = -^Logfir), /(r) = l + ^, y{r) ^ ar' (62) 



While checking the supersymmetry preserved by the solution, we shall use the near 
horizon solution. The dilatino and gravitino variation using eq(llO) gives the conditions on 
spinor 

r+e = 0, r+-^2^3^^e = -ie, (63) 
Which suggests that the solution breaks 1/4 of the supersymmetry. 

In doing the calculation we have defined r^^ as 

pll _ pH X2X3X4r04>'4}Z (64) 

where again the r^ matrices are defined in the tangent space and the form of the spinor is 

e = eA^°^^ X e(i?^), (65) 

where e° is a constant spinor and e{R'^) is the spinor defined on fiat W^, which depends on 
the angles of the S^. The metric on is written as a U(l) fibration over CP^. 
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3.3.1 Solution with h^O 

The D4 brane solution 



dsl = f--s [2dx+dx- + 2h{S^ydx+'^ + dxl + dxl + dxl] + /t [dr^ + 



^2 

— {de^ + d4>^ + di/j'^ + 2cgd(j)di/j) + dw'^], 



4 

F4 = ^sed9Ad(l)AdtljAdw, ^^-^Logf{r), /(r) = 1 + ^, 
Vlsh = -4:z{z + l)h, (66) 



where the function h{S^) is defined on and the solution preserves 1/4 of supersymmetry 
and the conditions on spinors are 

r+e = 0, r+-^2^3=^*e = -ie. (67) 

4 D3 and D5 branes on the singular Conifold 

In this section, we shall find the solution of D3 and D5 branes put at the singularity of the 
Calabi-Yau that is the conifold, where the D5 brane is wrapped over the S"^ of it. In order to 

find supersymmetry preserving solution in 10 dimensional supergravity with a Calabi-Yau, 
the prescription of [14] is to find a one form object, C, such that it obeys the following 
equation 

d -^CY dC = 0, {d^d + dd^)sEl3 = i^P, S 13 = (68) 

where 

C = ?/(r)/3, ?/(r) = |r^ a^ = A(A + 2), (69) 

where cr is a constant and the metric on the Calabi-Yau is that of a cone over a 5 dimensional 
Sasaki-Einstein base space 

ds'^{CY^) = dr'^ + r'^ds'^iSEr) (70) 

Let us take a specific choice to A = 2, which says ji — For this choice of A, let us 
take the Calabi-Yau as the conifold and with the base space is that of T^'^. In this case the 
metric of the T^'^ is described as [32] 

ds\T''') = \{gl + gl + gl + gl) + ^^. (71) 

where the one-forms giS are defined as 

ei - 63 62 - 64 ei + 63 62 + 64 

^1 = ^,^2 = ^, ^3 = ^,^4 = ^, ^2 = e, (72) 
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with 

ei = —sin9id(f)\, — dOi, 63 = cos%l)sin92d(f)2 — sinipd92, 

64 = sinipsin92d(f)2 + cosipd92, — dip + cos9id(l)i + cos92d(l)2- (73) 

Using the condition that dC is co-closed on the conifold for A = 2 gives 

P = = dip + cos9id4>i + cos92d(f)2 (74) 

Let us try to construct a solution in Type IIB on the conifold with ND3 branes as well 
as MD5 branes where the latter kind of branes are being wrapped on the S'^ of the T^'^ with 
the rest of the directions of and D3 branes are extended along , , X2, X3 directions. 

The ansatz that we shall take is 

2 2 
ds'' = h-^ [2dx+{dx- + C) + dxl + dx"^ + [dr" + ^(^1 + ^2 + 9I + 9I) + "jgll 

= (l+*io)^5, ^^Log[g,], Cq = 0, 

3 3 

^5 = £i(r)h~^dx'^ A (dx^ + C) Adx2 Adxs Adr — £2(f')h''idx'^ Adx2 Adxs AdC, 
F3 = ^^75 A ((7i A^2 + ^3 A^4), H3 = ^^^f'drA{giAg2 + g3Ag^), (75) 

and substituting it into the equations of motion of, dilaton gives us the following solution 

to /(r) 

3 

/(r) = -Log[r/ro] (76) 

It is easy to check that the ISD conditions on the complex combination of the 3-form fluxes 
is still there. 

The equations of motion of Fa-form flux gets identically satisfied, whereas the i^a-form 
flux gives 

The 5-form flux, F5, gives us the following equations 

Using the expression of /(r), results in 

£i{r)^~^, 4(r) = 4^ (79) 

and 



h{r) 



4^4 



gsN + ^{gMfl^og r + ^{9sMf 



(80) 
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The equations of motion to the metric components are all satisfied using the following 
relation that the warp factor satisfies 

5,' + .A" = -?l^. (81) 

The convention that wc have adopted in finding the Hodge duals is e+-x2X3ri2345 = — 1- 

It is interesting to note that for M = 0, we reproduced the solution written in [14] for 
the conifold and for cr = 0, we get back the Klebanov-Tseytlin solution [34]. Moreover, it 
is interesting to note that cr, neither appeared in the 3-form fluxes nor in the warp factor. 
So, the deformation of the relativistic solution to generate non-relativistic solution is done 
in such a way that the three form fluxes, dilaton, warp factor of the final solution do not 
depends on the deformation parameter cr. 

We expect that this is true for any value of A with the appropriate one-form /3 which is 
the eigenfunction of the Laplacian as defined above and still solves the equations of motion 
of Type IIB, with the same choice of the 3-form field strengths as written in the ansatz. 



5 D3 and D5 branes on the deformed conifold 

In this section, we shall find the non-relativistic solution to Klebanov-Strassler configuration 
[35] and construct the one form C, which is required to satisfy the following condition on 
the Calabi-Yau 

d i^cYs dC^O (82) 



where the metric of the deformed conifold is 

(83) 



dsl = le-^K(T) 



2 



+ 3l + ^^^2 (^/2)(^| + gl) + sinh\T/2){gl + gl) 



3K{t) 



where with a slight change of notation we are denoting the radial coordinate as r in stead 
of r, and will represent one of the direction perpendicular to the brane direction and the 
function 

K{r) = (^'^h2r-2r)'s ^^^^ 
2 3 sinhr 

Let us assume that the object C takes the following form: C = y{T)g^, and ^(t) is going 
to be determined by eq(82). The solution to^ 

y(r) = a{sinh{2T) - 2r)3, Or ?/(r) = a{sinh{2T) - 2t)"3, (85) 



"^A similar equation is solved in [33], while the authors were investigating the presence of axionic strings 
in cascading gauge theories. 
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where cr is a constant integration. In the following we shall use a notation 

2 2 

.:=-^. /3:=^ (86) 

Note that this (3 should not be confused with the 1-form (3 that is defined in the intro- 
ductory section. It is interesting to find that the a that is defined in eq(13), vanishes only 
for the second j/(r). 

Let us consider a configuration of ND'i branes and MDb branes, where the latter are 
wrapped around the S'^ of the deformed conifold and extended along the non-compact di- 
rections. Now, let us take the following ansatz to the solution 

ds"^ = h~^{T)[2dx''{dx~ + C) + dxl + dxl] + h^{T)dsl, ^ = Log[gs], Co = 0, 



Fg = (1 ★lo) ^i(^)^^ f\ (^dx- C) A dx2 A dx2, Adr- 



y'£2iT)h ^^dx^ A dx2 A dx^ Adr Ag5 + yl2{T)h ^dx"^ A dx2 A dx^ A {gi Ag^ — g2A g^)], 
Ma' 

Fz = F)g^AgzAgi + Fg^AgiAg2 + F'dT A{giAgz + g2Agi)], 

Hs = ^^^[drAif'giAg2 + k'g3Ag^) + ^^^g5AigiAg3 + g2Ag4)], (87) 

where ' denotes derivative with respect to r. With this choice to ansatz the equations 
that follow from the 5-form flux are 



dr K 

^[y'a^KH2h^sinh'^T] = S/^^y^s/i^ ^ := /(I - F) + kF 
dr 

The, dilaton equation gives 

y/2 (k-ff il-Ff F^ „ F'2 



sinh'^{T/2) cosher/ 2) sinK^T cosh'^{T/2) sinh'^{T/2) sinK^T 
The F3 form held gives 

(1 - F)tanh\r/2) - Fcoth\T/2) + 2h^ = ^'^^ ~J^^ hl3h-l . (90) 

dry h J K 

The i^a, form field gives 

d ff ,2, k-f ^,4/3, 3 

d fk' ,0, , ,\ k-f ^iiP, 3 . X 
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The equation of motion associated to axion, Co, is identically satisfied. Upon solving 
these equations results in 

^ - ~ K^a^sinh^r ^^^^ 

and 

^ sinhr — r rcothr — 1 ^ ^ Tcothr — 1 ^\ 

2sinhT ' 2sinhT ' 2sinhT ' 

i = T^pl^Lzl^sinh2T-2T) (93) 
Asinh^T 

The condition cq(82) is used in satisfying the form equations of motion, especially the 
last equation of (88). It just follows that the one-form C is independent of whether we have 
got trivial or non-zero 3-from fluxes. 

It is also interesting to note that the ISD condition on the complex combination of the 3- 
form fluxes is still satisfied and it suggests that the above solution is supersymmctric because 
with respect to the complex structure of the deformed conifold the complex combination of 
the 3- form flux is of the type (2,1). 

The explicit computations of the equations of motion to metric components can identi- 
cally be satisfied. In fact the computation of the Ricci scalar from the ansatz to metric says 
that it is independent of a and which should be the case. 



6 M2 brane solution 



The non-relativistic M2 brane solution with vanishing 1-form C 



2dx+dx- + 2h{S'^y'-^dx+^ + dx: 



dr^ + r'^dn'^ + r'^s^^da'^ + 



— ^dx'^t\dx Adx2Adr, f{r)^l + ^, 



VIt/i = -4{z-l){z + 2)h, (94) 

where /i(S''') is defined on and preserves 1/4 of the supersymmetry and the conditions on 
spinor are 



r+e = 0, r 



X2 



€ — — e. 



(95) 



In the near horizon limit, where we drop "1" in the harmonic function, the solution shows 
a scaling symmetry and the explicit structure of it looks as 



r — > — , X 



l+z + 
II ^ X^, X 



^X , X2^ ll'^X2. 



(96) 
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7 Symmetries 



The continuous symmetries of the above solutions includes the symmetries of the Galilean 
algebra. 

The generators are that of time translation, H ^ spatial translations, Pj, the Galilean 
boosts, Ki, the rotations in the Xi plane, Mj^, and the rest mass operator, N . The explicit 
structure to the Galilean boost symmetry transformations is 

^ X ^ v^^x ^ X ^ X I Vif^x ~ Vif^v^x ^ 9 7^ 

In fact, this particular structure to Galilean boosts matches with that of in [7]. 

The Dp branes for p ^ 3 break explicitly the scale invariance as well as the special 
conformal transformations, which means the solutions presented above may be interpreted 
as the non-conformal Gahlean branes. However, for D3 branes with h — and C 7^ 0, the 
dynamical exponent z equals to 4 and the scaling symmetries acts as [14] 

v 1 
r ^ -, x^ ^ n'^x^, Xi iiXi, {x~, C) -^{x~, C), (98) 

and the discrete symmetries in this case are that of only Xi — > —Xi but there is no time 
reversal symmetry because of the intrinsic Galilean symmetric structure. 

For D3 brane case, with C = and h ^ 0, there exists a special conformal transformation 
for z = 2 whose structure is same as written in [7] but with r — > ^. Also in this case there 
exists a scaling symmetry [6], [7] and [13]. 



8 Drawback 

Even though the geometries as written above still preserves a fraction of the supcrsymme- 
try, but unfortunately the mixing of the compact and non-compact coordinates makes the 
separation of the radial and angular variables in the equation of motion of the minimally 
coupled scalar field very difficult. This in turn makes the understanding of the dual GFT 
from the gravity point of view very difficult. 

The equation of motion to minimally coupled massive scalar field 

- = (99) 

Upon expanding with h = 0, we can re-write it as 

^ --d0Ay/^g'''''de,<^>] + ^[^+'''a;6'e„$ + g-'-'MdeM = 0, (100) 



-9 
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where $ = $(r, 9a)e~^'^^ -iMx +ikiXi j represent the non-compact spatial directions 

along the brane world volume whereas 9a represent the angular directions, perpendicular to 
the brane world volume and note the appearance of i in the last term. 

Now if either of the metric components g^^°- and g^^"^ are non-zero and non-trivial func- 
tions of the radial coordinate then it would be difficult to solve the equation using separation 
of variables and hence reading out the dimension of the operator dual to scalar field becomes 
very difficult. However, as an example, for non-relativistic D3 brane solution as presented in 
section 2.3, only is non zero and is equal to —4a" and hence the equations can be solved 
using separation of variables. In this case, by writing $(r, 9a) — (f){r)Y{9a) makes the radial 
and angular parts of the field to obey 

-[4M2 + ^Mu + + m^]<p + -^dr(^y/^g'''dr<P^ = 

^5^?. (^/"'"a^^r) - iAMad^Y = -\\Y, (101) 

where t| is a constant and solving the radial part of the field 0, suggests the operator dual 
to massive scalar field with dimension A obeys 

A(A-4) = ^ + m^ (102) 

with the solutions A-t = 2 ± v^4 + t] + m^, which are exactly the dimension of the operator 
dual to a massive scalar field as studied in [37] for AdS^ but with the square of the mass is 
t| -I- instead of m^. Analogous to [37], we can simply read out the BF bound [38], which 
is t| + > -4. 

The solutions for Dp branes are singular at r = as the solutions are not geodesically 
complete [36] even though the curvature invariants are smooth and we expect that the near 
extremal solution will cloak the singularity behind the horizon. 



9 Conclusion 

In this paper we have presented non-relativistic but supersymmetric solutions to various 
Dp branes. The solutions generically preserves one quarter supersymmetry and the extra 
conditions on the Killing spinor is 

r+e = 0. (103) 

The non-relativistic solution is determined by doing a supersymmetry preserving defor- 
mation to the relativistic solution. Generically the structure that does this is of the mixing 
of the light cone directions dx'^ and that of the compact direction denoted by 1-form C. The 
symmetries preserved by the non-relativistic Dp branes, p 7^ 3, are that of space and time 
translations, boosts and rotations. 
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It would be very interesting to understand the effect of adding such a term Cdx~^ to 
metric from the dual field theory point of view, especially on the superpotential. 

The non-relativistic extremal solutions are singular at r = as in the relativistic case and 
this deformation do not take that away. In the case of solutions constructed on the deformed 
conifold, the solution is not any more singular as the warp factor do not depends on the 
parameter a. However, it would be interesting to understand the nature of tidal forces at 
the origin following [36]. 
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11 Appendix: The spin-connections 

In this section, we explicitly write down the expression to spin-connections that is used in 
the main text to check the supersymmetry preserved by the solution. 



11.1 For Dl branes 

The spin connections that follows from the tangent space 1-forms are 

3/' , 3/' _ , 

— g-e^, Oi) — g-e H g-e-^, oo ^ — g-e , — g-e^ — Xe'^, 

8/8 8/8 r/s r/s r/s 

cy p 2. P— P— P— O P— O P — 

r J 8 S^T J 8 TJ 8 TJ 8 T J 8 T J 8 

r2/8 r2/8 Vs^r/8 s^S2arf^'' rfs rfs 

rfs rfs rfssf. 
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_ cota _ cota _ _ cot^i _ cota 

Lo — —i — e , Lo — "T — e , Lo — Ae , lo — — -^e , lo — —i — e , 

rf&s^ rfss^ rfs rfsSf, 

/•ys ffs ff^ ff^ ff^ 

^^3x ^ J_e", ^ J_e<^2, a;^2X ^ ?^e^S u;'*'' = Xe'^ (104) 

rfs rfs r/s 

where X — and the tangent space 1-forms are 

e"*" = f~^dx~^, e~ — f~^{dx~ + C), — f^dr, e^ = rf^dfi, e" = rf^s^da, 
e'-' = r/i^<7i, e-=r/i^<72, e'^3^^jiMa^^3^ eA^^^if|i[^^ + ^2^^]^ 

= /^^[c?X + ^J(c?A + 4a3], (105) 

11.2 For D2 branes 

The spin connections are 



+r + —r - . y y — y y r rib v it> 

= 19- e , uj = Ts-e H j^e^, uj ^ ^ ire , OJ^ = -Ae^, 

16/16 16/ IS r/i6 r/is 



r"^ 1 16 r 1 16 r 1 16 r 1 16 r j i6 

r J 16 r/ 16 r/ 16 s^r j i6 r j i6 r j i6 

rf 16 r/ 16 rf i6 r/ 16 r/ 16 

u-^^ = uf" = ^e", u;"^'' = ^e"^ a;''^ = -Xe^ , uf^ = -Xe\ 

rf 16 16/16 16/16 



3 / / -J / 

r/ie T'/ie ^/i® 



where the tangent space 1-forms are defined as 



e 



+ 



5 5 5 3 3 

= f^dx'^, e~ = f~^{dx~ + C), e^^ = f~^dx2-, ^ = f^dr, = fierd/j,, 



e"' = /^dw. (107) 
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11.3 For D3 branes 

In order to proceed, the spin connections are 

vY y + v Y — V y Y ^ — — Y y v 

uj ^ — g-e — Ae-^, a; = — 3-e^ -^e , 00 ^ — je , 



4 



r/4 r/4 r/4 r/4 r/4 

rfi 4/4 4/T 



" 4 



''''^^e^ a;'-^ = -Xe^ o;'^^ = -^e^ o;^^ = -Xe^ (108) 



where X — ^■f+^f , i = 2, 3 and e'^ = e"'^. The 1-forms in tangent space are defined 

e"^ = f~^dx^, e~ = f~^{dx~ + C) = f~^dxi, e"" = f^dr, = f^rdfi 

11 A For D4 branes 

For this case the spin connections are 

+r 3/' 1 „r y' ^ 3/' _ _Q 2y . _ . 2y 



16/ 16 r/i6 16/ 16 r^/i6 r^/^ 

7"/ 16 16/ 16 ^ /^® '"/^® r^/i6 

7"/ 16 rf 16 r/ 16 

u;-^ = -|^e-, (110) 

16/ 16 

where X — 5?-/ +16/ _ rpj^g tangent space 1-forms are 



e 



+ 



= / ledx"*", = f 16 (dx + C), e^* = / ledxj, e'' = /i6(ir. 



= f-^-de,e'^ = f-e^d(i),e^ = fTE-[d^ + ced(l)],e^ = fi^dw. (Ill) 
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11.5 For NS5 branes 

The spin connections o;"^ are 

+r f + -r y' th f - -d "^y (b -(b '^y e 

uj^ — rre , Co" = — je^ -^e , a; = i'^ — i 

r/s r/s r/s 

where X = i = 2, 3, 4, 5 and the tangent space 1-forms are 

= /l^d^, e^ = /i^ci0, e'^ = /i^[ciV' + Qci(/)]. (113) 

12 Sphere metrics 

In this section we shall write down the metric of the spheres-^^, and 5*^, in terms of 
the complex coordinates so as to write down the 1-form C in a very simple form. 

12.1 Three Sphere: 

The metric of unit radius 5"^ is 

dnl^\[al + ai + all (114) 

where the o-j's are defined in eq(31). Let us write the flat 4-space as dsl = dr"^ + r'^dVll and 
also introduce the following complex coordinates 



= S|e^(^-^), ^2 = C|et(^+<>). (115) 



such that ZiZi — 1. The 1-form can be expressed in terms of the complex coordinates 
as 

= dip + codcp = Re^i[zidzi + Z2dz2]^ ■ (116) 
It means the 1-form C written in eq(42) or eq(49), can be re- written as 

C = Re(2iar^[zidzi + Zidzi]) , (117) 



where Re is the real part. 
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12.2 Five Sphere: 

The metric of unit radius is 

dnl = d/z^ + \slial + al + clal) + ^(rfx + ^^^3)^ (118) 
Let us introduce the following complex coordinates 

= s^C|e^(>^+^+'^), Z2 = s^see^^^+'^-'^\ = c^e^^, (119) 
and then the 1-form, C, of eq(36) can be re-written as 

C = Re(2iar'^[zidzi + Z2dz2 + Zsdzs]^ . (120) 

12.3 Seven Sphere: 

The metric of unit radius -S"^ is 



= ci/.^+<cia^+^<4(a^+a,^+c^a3^)+^«(ciA+s^a3)^+-(dx+<(c?A+.^a3))^. (121) 
Let us introduce the following complex coordinates 
zi ^ s^SaCeei^^+^+'l'+'^\ Z2^s^So^se_ei^^+^+^-^\ z^ ^ s^c^e^^^+^\ ^4 = c^e^^ (122) 
and then the 1-form, C, of eq(30) can be re-written as 

C — Re^iar^[zidzi + Z2dz2 + z^dzz + z^dz^^ . (123) 
12.4 1-form C in Cartesian coordinates 

Let us introduce the complex Cartesian coordinate Zj — rzj — Xj + iyj for all j, as an 
example j — 1 and 2 for fiat four space, for which the fiat space is ds^ — J2idZjdZj — 
dr"^ + r'^dnl_^ = J2j [dx] + dy]] and n = 4, 6, 8. 
Then the 1-form, C is 

C^icr J2[ZjdZj - ZjdZj] = 2a J2{xjdyj - yjdxj). (124) 
j j 

Note that under the transformation: Zj — > e'^'^^-Zj, i.e. different rotations in different 
planes, in order to make the 1-form C to remain unchanged gives the condition that the P^^^ 
should better be constants. 
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